Abstract -In this paper, we develop robust dynamical controllers for addressing the problems of tracking and regulation of flexible-link manipulators. The design of dynamical controllers is based on construction of a two-time scale dynamical motion of the closed-loop system. The main control objective is to achieve stability of the closed-loop system while ensuring boundedness of all the control signals as well as sufficiently small tip-position tracking requirement. In order to achieve a minimum phase behaviour for utilizing output feedback control strategy, a new redefined output is proposed. Instead of using the joint angles as outputs in the rigid-link case, a new output is chosen for the flexible-link case which will provide and guarantee stability of the closed-loop flexible system. Simulations results are provided for flexible-link manipulators using the proposed control strategies. A comparative analysis is also included to demonstrate and illustrate the advantages and disadvantages of the considered control methodologies.
Introduction
In the past several years a considerable interest has been focused on modelling and control of flexible-link manipulators. This has been necessary due to increased demand of energy efficient lightweight robot manipulators in industry. These manipulators have a lot of potential advantages such as: an increased payload-to-arm mass ratio, faster motions, lower energy consumption, and small actuators. Along with these advantages, some disadvantages arise due to flexibility of the links. Designing a controller for flexible manipulators becomes a complicated task because of the highly nonlinear, coupled dynamics of the system. Conventionally flexible motion is approximated by using finite dimensional system, and a large number of flexible modes is required to accurately model the dynamics. The rigid body dynamics and the flexible dynamics results in large system dimensions which can cause computational problems in the controller design. Another problem is represented by the non-minimum phase characteristics of flexible manipulators. In the past decades, a variety of methods have been investigated including linear control, adaptive control, frequency domain techniques, singular perturbation, and neural networks based approach [1] - [14] .
Mathematical Model for a Flexible Link Manipulator
The manipulator considered here consists of a flexible beam attached directly to a motor and is driven by a torque. One end of the beam is fixed (hub), while the other one is free (end-effector). The end effector could have a small mass attached as a payload. In order to design a better control method for this type of manipulators an accurate dynamical model should be used. The dynamical model is derived using the Euler-Bernoulli beam theory in order to obtain a partial differential equations with the corresponding appropriate boundary conditions. Furthermore, using the Lagrangian formulation approach and the assumed modes method we can obtain the state-space representation of the manipulator. Let us write the dynamic equations for a planar multi-link manipulator as (1) can be rewritten in the state-space form:
Since the beam deflection is usually small with respect to the link length, we have:
Defining the output vector as: is the vector defining the physical output locations on the links for ensuring stable zero-dynamics.
Input-output model of the flexible link manipulator
The input-output description of (2) with the output described by (4) is obtained by differentiating y with respect to time until the input vector appears which is given by: 
Let us specify a finite region around the desired joint angles reference trajectories r q and r q
• that is given by:
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with 0 P given by:
is a Hurwitz matrix. Consequently, the origin of the manipulator model is locally asymptotically stable, and the original nonlinear model (2), (4) is locally minimum phase. Assumption 1 is basically a controllability-like assumption and is guaranteed to hold when for instance 0 = α . In this case,
is positive-definite and therefore invertible. Thus, in a neighborhood of 0 = α , B is guaranteed to be invertible since it is continuously dependent onα .
Output tracking control problem
Let us denote
as the tracking error where ) (t y is the manipulator end-effector output and ) (t r is the reference input signal. The dynamic controller designed is to ensure and guarantee the following condition:
Moreover, the output transients for ) (t y should have a desired behavior which does not depend either on the external disturbances or on the possibly varying parameters of the flexible-link manipulator model (2) and (4).
Control problem reformulation
Desired dynamic equations Let us form a reference model for output transients of ) (t y according to the following differential equation:
For example, (13) may have the form of a linear equation
By selecting
A 0 and d B 0 as diagonal matrices, then we require the decoupling of the control channels. Let us denote 
is satisfied, the desired behaviour of ) (t y with prescribed dynamics of (13) is achieved. The expression (16) corresponds to the insensitivity condition of the output transient performance with respect to the external disturbances and varying parameters of the flexible-link manipulator model. In other words, the control design problem (12) may be reformulated as the requirement (16). To satisfy the requirement of (16) let us construct the control law according to the following differential equation:
and
are diagonal matrices, µ is a sufficiently small positive parameter, and } ,...,
Consequently, when taken together, equations (15) and (17), the dynamic control law (17) may be rewritten in the form:
Analysis of the two-time scale dynamic motion
The analysis below for the properties of the slow and fast motion dynamics properties assumes that the states of the manipulator, namely, q and δ are bounded within an open set. This is also consistent with the assumption of internally stable dynamics of the flexible manipulator system.
A. Fast-motion subsystem Theorem 1: Associated with the closed-loop system (2),(17)-(18) as 0 → µ , the fast-motion subsystem is governed by the following equation:
where it is assumed 0 ≈ 
The equations (23), (24) may be rewritten in the following state-space representation: , where we now have: , we obtain the following fast-motion subsystem:
The above fast-motion subsystem equations may be alternatively rewritten in the form (20). Remark 1: The asymptotic stability, desired behaviour of transients and desired settling time of ) (t v can be achieved by a proper choice of the control law parameters. 
Performance comparison between rigid and flexible link manipulators control methods
In this section the control strategies for both a single flexible-link manipulator and a two-link manipulator having the first link rigid and the second one flexible are developed. The control of a flexible-link manipulator by using a rigid control methodology is also investigated. The controlled output of the system is defined as q y = . The dynamic control method that is designed based on the rigid model assumptions is then applied to our flexible link manipulator system. For simulations, the initial conditions are set to 0 = y , and the desired final position is set to 1 = y . It has been shown that when the controller that is based on rigid model assumptions is applied to the actual flexible system the closed-loop system becomes unstable. These results are not shown here fue to space limitations. The controlled output in the rigid case is the joint angle q , whereas the controlled output in the flexible case is the redefined output
Conclusions
The main result of this paper is development of a dynamic control procedure for analyzing both the fast and slow motions of a controlled system that is parameterized by a sufficiently small parameter. The specific system considered here is a flexible link manipulator. In order to decrease the influence of disturbances on dynamic properties of the flexible system output trajectories, a high gain feedback controller as well as a higher-order output derivatives are utilized in the dynamic controller feedback loop. It has been shown that if a sufficient time-scale separation between fast and slow modes in the corresponding closed loop system and stability of the fast motion subsystem are guaranteed, then the slow motion equations have the desired form and thus after rapid damping of the fast transients, the output transient performance indices become insensitive to external disturbances. It is known that flexible manipulators are non-minimum phase systems. In order to achieve minimum-phase characteristics, a new re-defined output is used instead of the joint angle or the tip position. Based on this new output, two control methods are used for controlling a single flexible link and a two-link manipulator for which the first link is rigid and the second one is flexible. For both flexible-link manipulators, the proposed dynamic control approach performs better than the computed torque method as summarized in the following tables.
In Tables 1 and 2, 1 er is the error between the desired position of the tip and the real position and 2 er is the error between the desired position of the tip and the redefined position. In the presence of disturbances, the dynamic controller can achieve an error bound of 0007 . 0 = e . Compared with other control methods, the concern of having initially large values for the input torques have been resolved successfully. Using this control method, the input torque value is about 2 = τ to 3 Nm. This is a clear advantage when a method is going to be physically implemented, because the torque availability and energy consumption are important issues in the implementation of any control method. Furthermore, the dynamical control method designed here based on the rigid model assumptions is also applied to the actual flexible system. In this case, the closed loop system is shown to be unstable justifying the need for development of flexible-based control methodologies. These details are not included here due to space limitations.
